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Abstract
In this paper we study the relation between geodesic and harmonic mappings.
Harmonic mappings are defined between Riemannian manifolds as critical points of the
energy functional, on the other hand geodesic mappings are defined in a more general
setting (manifolds with affine connections). Using the well-established formalism of
calculus of variations on fibred manifolds we solve the weak inverse problem for the
equation of geodesic mappings and get a variational equation which is a consequence of
the geodesic mappings equation. For the connection on the target manifold we get the
expected result, that it is a metric connection. However we find that the connection
on the source manifold need not be metric. The interesting result is that the metric
which induces the connection on the target manifold can change between fibres and
these changes are related to the connection on the source manifold. These results hint
onto a possibility for a more general structure on the fibred manifold, than usually
assumed.
1 Geodesic mappings and basic setting
Let us start with geodesic mappings of manifolds with affine connections. For the theory of
geodesic mappings we refer to [5]. Because geodesics on manifolds are characterized by the
symmetric part of the connection only, we can restrict ourselves to torsion-free manifolds with
affine connections, i.e from now on, we assume that all connections under consideration are
symmetric. We will also only consider naturally parametrized geodesics. Consider manifolds
with affine connections (M, M∇) and (N, N∇) and a map between them φ : (M, M∇) −→
(N, N∇). This map is said to be a geodesic map if
1. φ is a diffeomorphism of M onto N ; and
2. the image under φ of any geodesic arc in M is a geodesic arc in N ; and
3. the image under the inverse function φ−1 of any geodesic arc in N is a geodesic arc in
M .
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The usual example of a geodesic mapping would be an isometry of euclidean surfaces. In
our paper we will generalize this definition a little, we will give up the assumptions 1. and
3. meaning instead of diffeomorphisms we will be working with immersion. Mathematically
speaking a mapping φ : (M, M∇) −→ (N, N∇), (dim(M) ≤ dim(N)) is geodesic if for every
geodesic curve x(t) on (M, M∇), φ ◦ x(t) is a geodesic curve on (N, N∇). For solving the
inverse problem of calculus of variation we would like to use the formalism of calculus of
variations on fibred manifolds. The fibred space for the problem will be (M × N, pi,M),
which has dimension m + n and the mapping φ now serves as a fiber coordinate. We also
suppose geodesics on M and N are parametrized by the same parameter t. From the simple
definition of a geodesic mappings one can derive a set of geodesic equations which will serve
as conditions for the mapping φ to be a geodesic mapping. Let us write out the equations in
coordinate systems (xi, φσ) on the total space and adapted system on the basis (xi). In these
coordinate systems the affine connections M∇ respectively N∇ have components denoted by
MΓhij respectively
NΓµνλ. The geodesic equations for a curve x(t) in M and a curve y(t) in N
are
x¨h + MΓhijx˙
ix˙j = 0,
y¨σ + NΓσµν y˙
µy˙ν = 0,
i, j, l = 1, . . . , m = dim(M) µ, ν, λ = 1, . . . , n = dim(N),
For a geodesic mapping φ the geodesic curve y(t) is the image of x(t) by φ, substituting
y(t) = φ(x(t)) in the second equation we get
d
dt
(
φ
µ
l x˙
l
)
+N Γµνλφ
ν
i x˙
iφλj x˙
j = 0,
where we used the chain rule in the second equation d
dt
(φµ(xl(t))) = φµl x˙
l. Computing the
derivative in the second equation and then substituting for the second derivative from the
first we get
d
dt
(
φ
µ
l x˙
l
)
+N Γµνλφ
ν
i x˙
iφλj x˙
j = φµklx˙
kx˙l + φµl x¨
l +N Γµνλφ
ν
i x˙
iφλj x˙
j = 0,
φ
µ
klx˙
kx˙l −M Γhij x˙
ix˙jφ
µ
h +
N Γµνλφ
ν
i x˙
iφλj x˙
j = x˙ix˙j
(
φ
µ
ij −
M Γhijφ
µ
h +
N Γµνλφ
ν
i φ
λ
j
)
,
φσij −
M Γkijφ
σ
k +
N Γσαλφ
α
i φ
λ
j = 0. (1)
What we get is a sufficient condition for φ to be a geodesic mapping. The second part of
interest is harmonic mappings.
2 Harmonic mappings
The basics of harmonic mappings can be found in [2] and [4]. Their applications to physics,
which include string theory, sigma models and general relativity, are presented in papers [1]
and [7]. The main change from geodesic mappings is in the setting. Harmonic mappings
are defined on Riemannian manifolds, i.e manifolds endowed with a metric tensor. We say
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that a mapping φ between two Riemannian manifolds (M, g) and (N, h) is harmonic if it is
a stationary (extremal) point of the energy functional.
E(φ) =
∫
M
1
2
Trg(φ
∗h)ω0,
where ω0 is the volume element on M corresponding to the metric tensor g. Euler-Lagrange
equations of this functional yield similar equations as for geodesic mappings (1), with the
difference that for harmonic mappings the connections are metric connections. The Lagrange
function in the chosen coordinate system (xi, φσ) has the following form
L =
1
2
gijhαλφ
α
i φ
λ
j
Its Euler-Lagrange equations are as follows
dk
∂L
∂φσk
=
∂L
∂φσ
After computing the derivatives and arranging the terms we get
gijhσνφ
σ
ij + g
ijφαi φ
λ
j
(
1
2
hσλ,α +
1
2
hσα,λ −
1
2
hαλ,σ
)
+ gkj,khσνφ
σ
j = 0
gijhσν
(
φσij −
M Γkijφ
σ
k +
N Γσαλφ
α
i φ
λ
j
)
= 0, (2)
where in the last step we used an expression for the metric trace of Christoffel symbols
gijΓkij = −g
kl
,l. These equations seem rather complicated, let us give some examples of
harmonic mappings. Constant maps are harmonic. If the source manifold (M, g) was R with
the natural metric, the mapping φ would be harmonic if and only if it was a geodesic. On the
other hand if R with the natural metric was the target space, the equation (2) would be the
Laplace equation and its solutions, called harmonic functions, are a special case of harmonic
mappings. As mentioned above we get similar equations, more concretely we get a trace of
the geodesic equations (1). There is also additional difference being affine connections on
one hand and metric on the other. The similarities suggest the following question: what
is the connection between variationality of equations (1) and the corresponding connections
being metric ?
3 Weak inverse problem of calculus of variations
To answer this question we will start with the equations (1) assume that the connections
are affine and not necessary metric and solve the inverse problem of calculus of variations.
From the equations it is obvious that they are not variational by themselves, meaning we
need to impose and solve the weak inverse problem. To do that we multiply the equation
by a multiplier Bijσν(x
k, φµ) and assume it does not depend on the derivatives of the basis
and fibre coordinates, which is usually the case, but this also means our conclusions will be
only sufficient and possibly not-necessary. By multiplying the equations (1) by a multiplier
3
B we get new equations which do not need to be equivalent to (1) but are a differential
consequence of (1).
We associate a dynamical (m + 1)-form with the equation, this form is the following
E = Eνω
ν ∧ ω0, where ω0 is the volume element on M and ω
ν = dφν − φνi dx
i is the contact
1-form on M ×N .
Eν = B
ij
σν
(
φσij −
M Γkijφ
σ
k +
N Γσαλφ
α
i φ
λ
j
)
. (3)
Again using the logic that we are studying geodesic equations and the connections and
their components are supposed to be symmetric we can assume the multiplier is also sym-
metric in the upper indices i, j.
Instead of solving variationality the equation (1) we study the variationality of the as-
sociated form E using the tools of calculus of variations on fibred manifolds, which can be
found in [3] and [6]. The conditions for this form to be variational are called Helmholtz
conditions of variationality, which are of the following form (derivation can be found in [6])
∂Eν
∂φ
µ
lp
−
∂Eµ
∂φνlp
= 0, (4)
∂Eν
∂φ
µ
l
+
∂Eµ
∂φνl
− 2dp
∂Eµ
∂φνlp
= 0, (5)
∂Eν
∂φµ
−
∂Eµ
∂φν
+ dl
∂Eµ
∂φνl
− dldp
∂Eµ
∂φνlp
= 0. (6)
From the first condition we get symmetry of the multiplier B in the lower indices
Bijσν = B
ij
νσ.
Because at the beginning we assumed B does not depend on derivatives the equations for the
second condition split into a polynomial form in the derivatives of φ. Setting each coefficient
to zero results in two conditions.
−Bijµν
MΓlij =
∂Blpµν
∂xp
. (7)
NΓσµλB
ij
σν +
NΓσνλB
ij
σµ =
∂Bijµν
∂φλ
, (8)
These conditions already tell us something about the form of the multiplier B. The second
equation is the condition for a connection NΓσµλ to be to be compatible with metric tensors
Bij , with components Bijσν for any choice of indices i, j. Noticing that the equations separate,
in the sense that in the equation (7) there is a derivative with respect to xp and in the equation
(8) with respect to φλ, we can guess that the multiplier B separates also into the following
form
Bijσν = g
ij(xk)hσν(φ
µ),
This would be the simplest choice, in particular we know this choice is correct (is a solution
to the inverse problem) because it gives the harmonic mappings equation (2). We can be
more general and allow the functions hσν(φ
µ) to also depend on xk. The reasoning is the
following. The second equation tells us that hσν are components of a metric tensor of the
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connection NΓσµλ at one particular fibre pi
−1(xk). If we move to another fibre the connection
NΓσµλ is also metric but the metric can be different. We can have a different metric tensor
h in each fibre and we allow the functions hσν to also depend on x
k for this very reason.
Therefore we choose the multiplier in the following form
Bijσν = g
ij(xk)hσν(x
k, φµ). (9)
To justify calling the functions gij and hσν components of metric tensors we need to check
if they are symmetric and regular. Their symmetry follows from symmetry of the multiplier
B, symmetry of B in upper indices we assumed and in lower indices we got from Helmholtz
conditions, the regularity also follows from regularity of the multiplier B. In coordinate-free
form we have B = g ⊗ h.
We know that the equation (8) assures that the connection NΓσµλ comes from a metric
h, which can be different in each fibre (for different x). We can calculate how it changes
between fibres from the equation (7). We substitute for B into the equation (7) and simplify
−Bijµν
MΓlij =
∂Blpµν
∂xp
− gijhµν
MΓlij = g
lp
,phµν + hµν,pg
lp
hµν
(
gij MΓlij + g
lp
,p
)
= −hµν,pg
lp
where glp,p is actually a trace of a connection induced by the metric tensor g let us denote
it by M∇¯, meaning the equation is a difference of traces of two connections. Originally we
assumed the space M is only endowed with an affine connection, however we see there also
supposedly exists a metric g, but that is no surprise because we know every smooth manifold
admits a metric. We see that the dependency of metric tensor h on the basis coordinate x
is given by the difference of traces of connections on the space M . We can then express the
relation between the connection components
MΓlij =
M Γ¯lij + S
l
ij,
where Slij is a tensor which satisfies
gijSlij = −
1
n
hµνhµν,pg
lp.
The last remaining Helmholtz condition unfortunately bring no new information after
rearranging it into a polynomial form and from requiring that all the polynomial coefficients
vanish we get four conditions
∂νB
ij
σµ − ∂µB
ij
σν − ∂σB
ij
µν +B
ij
αν
NΓαµσ +B
ij
αν
NΓασµ = 0 (10)
∂ν(B
ij
σµ)
NΓσαλ +B
ij
σµ∂
N
ν Γ
σ
αλ − ∂µ(B
ij
σν)
NΓσαλ −B
ij
σν∂
N
µ Γ
σ
αλ + ∂α(B
ij
σν)
NΓσµλ +B
ij
σν∂
N
α Γ
σ
µλ
+ ∂λ(B
ij
σν)
NΓσαµ +B
ij
σν∂λ
NΓσαµ − ∂λ∂αB
ij
µν = 0 (11)
MΓkij
(
∂µB
ij
σν − ∂νB
ij
σµ − ∂σB
ij
µν
)
+ 2∂l
(
Blkλν
)
NΓλµσ − 2∂p∂σB
kp
µν = 0 (12)
− ∂l(B
ij
µν)
MΓlij − B
ij
µν∂
M
l Γ
l
ij − ∂l∂pB
lp
µν = 0. (13)
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The equation (10) provides us with the same information as (8) that being, the connections
N∇ is metric with the metric tensor h.
We can also see that the remaining equations are dependent. The equation (13) is just
a derivative of (7) with respect to xl and equation (12) is a multiple of the equation (10) by
MΓkij. The only equation that does not depend on the previous ones is the equation (11) but
after some calculations it results in an identity for the Riemann curvature tensor R.
hβµR
β
λνα = hσν R
σ
αµλ −→ Rµλνα = Rναµλ.
4 Summary and conclusions
We now summarize everything we discovered from the Helmholtz conditions. We have the
equation (1) for a geodesic mapping φ. We ask the following question: what is the connection
between variationality of this equation and the corresponding connections being metric ?
Therefore we are solving an inverse problem for the associated dynamical form E = Eν ω
ν∧ω0
Eν = B
ij
σν
(
φσij −
M Γkijφ
σ
k +
N Γσαλφ
α
i φ
λ
j
)
We choose a specific form (9) of the variational multiplier B. The conditions for variationality
are
1. Connection N∇ is metric and is fiber-wise induced by the metric h. (Metric h is
generally different in each fibre hσν = hσν(x
k, φµ). The way in which this metric
changes in xk is given by the connection M∇ and metric g)
2. Connection M∇ does not need to be metric but is related to a metric connection by
Γkij = Γ¯
k
ij + S
k
ij ,
where Skij is a tensor whose metric trace by the tensor g relates to the changes of the
metric h
gijSlij = −h
µνhµν,pg
lp.
The form (9) of the variational multiplier B is a solution to the inverse problem if the
corresponding metrics satisfy the above conditions. The results suggests that both spaces
are Riemannian, where h is compatible with the connection N∇ on N but g is not necessarily
compatible with M∇ on M . The interesting result is that the metric h can be different in
different fibres and the changes are related to structures on the base manifold M . This
conclusion mostly results from using the formalism of fibred manifolds and finding a non-
trivial solution to the weak inverse problem, but it suggests more complicated fibred structure
for the problem of geodesic and harmonic mappings. There remains the question of finding
more general forms of the multiplier B, which could be a part of further research.
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